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[3] B. Zil’ber (quasi-minimal structure)
. $M$ , , $M$
$X$ $X$ $M-X$
. $\sigma$
$(\mathbb{Q}^{\omega}, +, 0, \sigma)$ . , $\sigma$ 1
.
$\mathbb{Q}[X]$ .
, , $K$ $K[X]$
. , Th$(\mathbb{Q}^{w}, +, 0, \sigma)$ ,
(exi-stentiaJly closed ) .
, , $\mathbb{Q}$ 1
. $\sigma$
, $\mathbb{Q}$ $\mathbb{Q}^{Z}$ .
$K$ , $K$ 1
.
$K$ DMP(definable multiplicity property) ,
$[1, 5]$ . ,
[1].
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,
,
. , Morley .
2
(model companion), (existentially closed model),




$K$ . , $r\in K$ . $K$
$L_{K}$ $T_{K}$ . $T_{K}$
.
$T_{\sigma}=T_{K}\cup$ { $\sigma$ $K$ ”}
. $T_{K}$ DMP , $T_{\sigma}$ $TA$
$L_{K}(\sigma)=L_{K}\cup\{\sigma\}$ .
. ,\supset , $(M, \sigma^{M})\models TA$
$(M, \sigma^{M})$ $T_{\sigma}$ . $(M, \sigma^{M})$
, $(M, \sigma^{M})$ $T_{K}$ generic .
, $\sigma$ $K$ .
$K[X]$ $K$ $X$ . $f(X)\in K[X]$ , deg $f(X)$
$f(X)$ . $f(X)\in K[X]$ $K$ $M$ $\sigma$ , $f(\sigma)$
$f(X)$ $\sigma$ $M$ . , $f(X)=X^{2}+2X+3$
, $f(\sigma)=\sigma^{2}+2\sigma+3$ , $x\in M$ , $(\sigma^{2}+2\sigma+3)x=\sigma(\sigma(x))+2\sigma(x)+3x$
.
3 $T_{K}$ generic
, $T_{K}$ generic .
$L_{K}(\sigma)$ 1-3 $TA_{K}$ :
1. $M$ $K$ .
2. $\sigma$ $M$ $K$ .
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3. $f(X)\in K[X]$ $0$ 1 , $g_{1}(X),$ $\ldots,$ $g_{n}(X)\in$




, $(M, \sigma)$ $T_{K}$ generic $TA_{K}$
.
, .
3.1 $(M, \sigma)$ $T_{K}$ generic $TA_{K}$ .
. $(M, \sigma)$ $T_{K}$ generic .
$f(X),$ $g_{1}(X),$
$\ldots,$
$g_{n}(X)$ $K[X]$ , $f(X)$ $0$ 1




$f(X)=c_{0}+c_{1}X+\cdots+c_{m-1}X^{m-1}+X^{m}$ . $M,$ $x_{0},$ $x_{1}$ , .. ., $x_{m-1}$ $K$
, $x_{1},$ $\ldots,$ $x_{m-1}$ $M$ . $\neq 0$
$M,$ $x_{1}$ , . . ., $x_{m-1},$ $a-c_{0}x_{0}-c_{1}x_{1}-\cdots-c_{m-1}x_{m-1}$ $K$ .
$M’$ $x_{0},$ $x_{1},$
$\ldots,$ $x_{m-1},$





. $\sigma’(x_{0})=x_{1},$ $\sigma^{\prime 2}(x_{0})=x_{2}$ , . . ., $\sigma^{\prime m}(x_{0})=a-c_{0}x_{0}-c_{1}x_{1}-\cdots-$
$c_{m-1}x_{m-1}$ , $f(\sigma’)x_{0}=a$ . , $M,$ $x_{0},$ $x_{1},$ $\ldots,$ $x_{m-1}$ $K$
51
, $g_{i}(\sigma’)x_{0}-a_{i}\neq 0$ . ,
$\{\begin{array}{l}f(\sigma’)x=ag_{1}(\sigma’)x\neq a_{1}g_{n}(\sigma’)x\neq a_{n}\end{array}$
$M’$ $x_{0}$ . $(M’, \sigma’)$ , $(M, \sigma)$ ,
, , $TA_{K}$ .
3.2 $f(X),$ $g(X)\in K[X]$ $h(X)=gcd(f(X),g(X))$ , $f(X)=$
$f_{0}(X)h(X)$ $g(X)=g_{0}(X)h(X)$ . $p(X),$ $q(X)\in K[X]$ $p(X)f_{0}(X)+$
$q(X)g_{0}(X)=1$ . $s,$ $t$ $x$ $L_{K}(\sigma)$ .
$TA_{K}$ 1, 2 ,
$\{\begin{array}{ll}f(\sigma)x = sg(\sigma)x =t\end{array}$
$\{\begin{array}{ll}f_{0}(\sigma)t =g_{0}(\sigma)sh(\sigma)x =p(\sigma)s+q(\sigma)t\end{array}$
. $(\Rightarrow)$ . $f(\sigma)x=s$ $g(\sigma)x=t$ .
$f_{0}(\sigma)t=f_{0}(\sigma)g(\sigma)x=f_{0}(\sigma)h(\sigma)g_{0}(\sigma)x=g_{0}(\sigma)f(\sigma)x=g_{0}(\sigma)s$ .
$h(\sigma)x=h(\sigma)(p(\sigma)f_{0}(\sigma)+q(\sigma)g_{0}(\sigma))x=p(\sigma)f(\sigma)x+q(\sigma)g(\sigma)x=p(\sigma)s+q(\sigma)t$.




3.3 $TA_{K}$ $L_{K}(\sigma)=L_{K}\cup\{\sigma\}$ .
. .
$\exists x\{\begin{array}{l}f_{1}(\sigma)x=s_{1}f_{m}(\sigma)x=s_{m}g_{1}(\sigma)x\neq t_{1}g_{n}(\sigma)x\neq t_{n}\end{array}$
52
, $x$ . 32 , $TA_{K}$
, :
$\exists x\{\begin{array}{l}u_{1}=v_{1}xu_{m-1}=v_{m-1}xh(\sigma)x=sg_{1}(\sigma)x\neq t_{1}g_{n}(\sigma)x\neq t_{n}\end{array}$
$g_{i}(\sigma)x$ $h(\sigma)\tau$ , $h(\sigma)x$ $s$ , .
, $j=i,$ $i+1,$ $\ldots,$ $n$ , deg $g_{j}’<\deg h$ .
$x\{\begin{array}{l}u_{1}=v_{1}xu_{m-1}=v_{m-1}xw_{1}\neq t_{1}’xw_{i-1}\neq t_{i-1}xh(\sigma)x=sg_{i}’(\sigma)x\neq t_{i}’g_{n}’(\sigma)x\neq t_{n}’\end{array}$
$\sigma$ , $\sigma^{-1}$ . , $h$ $g_{j}’$




$TA_{K}$ , $\sigma$ , $L_{K}(\sigma)$ $\sigma$ $+$
. , $\sigma$ $\sigma^{\mathfrak{n}}(0)$
, $0$ . , $\sigma$
.
$L_{K}$ , $T_{K}$ $TA_{K}$
.
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3.5 $(M, \sigma)$ $T_{K}$ generic $(M, \sigma)\models TA_{K}$ .
$TA_{K}$ .
. $TA_{K}$ . $T_{\sigma}$
. 31 , $TA_{K}$ .
4
$TA_{K}$ .
4.1 (B.H. Neumann) $H_{i}$ . $H_{0}+a_{0} \subset\bigcup_{\dot{|}=1}^{n}H_{i}+a_{t}$
$H_{0}/(H_{0}\cap H_{i})$ $i>k$ $H_{0}+a_{0} \subset\bigcup_{i=1}^{k}H_{i}+a_{i}$ .
4.2 $TA_{K}$ 1-3 :
1. $M$ $K$ .
2. $\sigma$ $M$ .
3. $f(X)\in K[X]$ $0$ 1 ,
$\{x\in M:f(\sigma)x=a\}$ $a\in M$ .
. 3 $TA_{K}$ 3 .
$f(X),$ $g_{1}(X),$
$\ldots,$
$g_{n}(X)$ $K[X]$ , $f(X)$ $0$ 1




$i$ , $f(\sigma)x=a$ $g_{i}(\sigma)x=a_{i}$ $M$ .
32 , $i$ , $g_{i}$ $gcd(f, g_{i})$ . ,
$g_{i}|f$ .
Ker $f(\sigma)\subset M$ Ker $g_{i}(\sigma)$
. , 4.1 .
1 Ker $f(\sigma)/Kerg_{\{}(\sigma)$ $i$ .
$i$ , deg $g_{i}<\deg f$ , $f=f_{i}g_{i}$ $0$ 1
. 3 , $f_{i}(\sigma)b=0$ $b\in M$






$V$ $K$ , $V^{Z}$ $\mathbb{Z}$ $V$ . $V^{Z}$
$K$ . $\sigma$ : $V^{Z}arrow V^{Z}$ $v\in V^{Z}$ $m\in \mathbb{Z}$
, $\sigma(v)(m)=v(m+1)$ .
5.1 $V$ $K$ , $\sigma$ : $V^{Z}arrow V^{Z}$
. $(V^{\mathbb{Z}}, +, 0, \sigma)$ $TA_{K}$ .
. $\sigma$ $K$ $(V^{Z}, +, 0)$ .
$\{x\in V^{Z} : f(\sigma)x=a\}$ $a\in V^{Z}$ .
$(V^{Z}, +, 0, \sigma)$ 42 $TA_{K}$ , , $TA_{K}$
, .
$f(X)=c_{0}+c_{1}X+c_{2}X^{2}+\cdots+X^{n}$ , $c_{0}\neq 0$ .




$x_{m},$ $x_{m+1},$ $\ldots,$ $x_{m+n-1}\in V$ , $x_{m+\mathfrak{n}}$ . ,
$x_{m+1},$ $\ldots,$ $x_{m+\mathfrak{n}-1},$ $x_{m+n}\in V$ , $x_{m}$ . $x_{1}$ ,
$x_{2},$
$\ldots,$
$x_{n}\in V$ , $m=1,2,3,$ $\ldots$ , $(*)$ $x_{n+},$ ,
$x_{n+2},$ $\ldots$ , $m=0,$ $-1,$ $-2,$ $\ldots$ $(*)$
$x_{0},$ $x_{-1},$ $x_{-2},$ $\ldots$ .





$x_{n}$ . , { $x\in V^{\mathbb{Z}}$ :
$f(\sigma)x=a\}$ .
6 Morley
, 1 Morley . , $TA_{K}$ Morley
$w$ .
6.1 $f(X)\in K[X]$ $0$ 1 . ,
$TA_{K}$ .
(1) $f(X)$ $K[X]$ $f(\sigma)x=a$ .
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(2) $f(X)$ $k$ $f(\sigma)x=a$ Morley
$k$ Morley 1 .
(3) $TA_{K}$ Morley $\omega$ .
. $TA_{K}$ , $g(\sigma)x=b$
, $g(\sigma)x=b$ $f(\sigma)x=a$
.
$f(X)\in K[X]$ 1 . $0$
. $f(\sigma)x=a\wedge g(\sigma)x=b$ $f(\sigma)x=a$
32 1 . , $f(\sigma)x=a$
. (1) .
(2) $f(X)\in K[X]$ .
$f(X)$ $k$ , $k>1$ . $f(X)=f_{0}(X)f_{i}(X)$ (X) 1
. $f1(X)$ $k-1$ .
$f_{0}(\sigma)x=a$ . $b_{i}(i<\omega)$ (\mbox{\boldmath $\sigma$})x $=a$ .
$f_{1}(\sigma)x=b_{i}$ $i<w$ , 2 , ,
Morley $k-1$ . $fi(\sigma)x=b_{t}$ $f(\sigma)x=f_{0}(\sigma)b_{i}=a$
. , $f(\sigma)x=a$ Morley $k$ .
$f(\sigma)x=a$ , 32 ,
$f(X)$ $g(X)$ $g(\sigma)x=b$ .
, $g(\sigma)x=b$ Morley $k$ . ,
$f(\sigma)x=a$ Morley $k$ Morley 1 .
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